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Shape-based embeddings

Shape analysis for time series  
Germain, T., Gruffaz, S., Truong, C., Durmus, A., & Oudre, L.  

Advances in neural information processing systems (NeurIPS), 2024.

How to learn time series embeddings that account for their shape ? 



Motivation
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Inspired by a use case: mouse ventilation analysis

4

Aim: Assessing ventilation response after the exposure of a neurotoxin for mice of 
different genotypes. 

Experimental protocol: For each genotype (WT, ColQ): 

First insight: Time series with elementary patterns:  

Control period
15 to 20 minutes

Exposed period
35 to 40 minutes

Drug injection
Physostigime

Expiration

Inspiration
Nasal airflow

m
l/s

Extraction

Respiratory cycle

m
l/s
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Biologist’s insights: Shapes of respiratory cycles accounts for physiological states. 

Transcription to modeling & requirements:  

• Embed time series as deformations of a referent time series 

• Two-way mapping between temporal and embedding spaces  

• Compatible with statistical analysis (identifiable model on a vector space) 

• Work for small datasets with irregularly sampled and variable-length time series

Inspired by a use case: mouse ventilation analysis

5

WT (before) ColQ (before) WT (after)

« Healthy mouse’s respiratory cycles » « The two bumps during inspiration  
indicate fine-motor control difficulties »

- « The constrained flow during inspiration indicates 
airways obstructions » 

- « The long pause indicates tetany, its duration is 
important »



Embedding framework outlines
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𝖦0

𝖦1 𝖦2

𝖦5

𝖦4
𝖦3

ϕα1
ϕα2

ϕα3
ϕα4

ϕα5
→ 𝖦0

α5α4α3α2α1

Embedding outlines

Input:  

1. The shape of  is . 

2.  is represented as the deformation of a reference graph , 
i.e. :                           ,  
where  is a diffeomorphism parametrized by .  

Output: a graph of reference  , deformation parameters 

(sj : 𝖨j ↦ ℝd)j∈[N]

sj 𝖦j = {(t, sj(t)) : t ∈ 𝖨j}

𝖦j 𝖦0 = {(t, s0(t)) : t ∈ 𝖨}
𝖦j ≈ ϕαj

⋅ 𝖦0 = {ϕαj (t, s0(t)) : t ∈ 𝖨}
ϕαj

: ℝd+1 ↦ ℝd+1 αj ∈ ℝm

𝖦0 ⊂ ℝd+1 (αj)j∈[N] ∈ (ℝm)N

7
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How to learn  and ’s ? 𝖦0 αj

An optimization problem:  and   are learned by solving 
the empirical Fréchet mean problem:  

 

Open questions:  
1. How to parametrized the diffeomorphisms  ? 
2. What distances ( ) should be considered ?  

Remark: Description of  is not covered, intuitively it can be think as a maximum 
mean discrepancy (MMD) between graphs seen as measures [Kal17]. 

𝖦0 ⊂ ℝd+1 (αj)j∈[N] ∈ (ℝm)N

arg min
𝖦0,(αj)j∈[N]

1
N ∑

j∈[N]

d2
𝖦(ϕαj

⋅ 𝖦0, 𝖦j)

data attachment

+ λd2
Φ(Id, ϕαj

)

regularization

(ϕαj
)j∈[N]

d𝖦, dΦ

d𝖦

8



Generating diffeomorphisms:  
The LDDMM framework [Beg05]
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How to parametrized diffeomorphisms ? 

Theorem: Global diffeomorphism for small perturbation to the identity. 
Let   be a continuously differentiable  ( ) function such that:  

,     for any  . 
Then the map: 

  
is a -diffeomorphism from  to . 

Intuition: Diffeomorphism build by composition:  
  

with  and , for any .  

Our case: Diffeomorphism defined by infinite composition, i.e. it is the flow of an 
ordinary differential equation (ODE). 

f : ℝn ↦ ℝn C1

∥Df(x)∥∞ < 1 x ∈ ℝn

F(x) ≜ x + f(x)
C1 ℝn ℝn

F = FN ∘ FN−1 ∘ … ∘ F1
Fi = Id + fi ∥Dfi∥∞ < 1 i ∈ [N]

10
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Building diffeomorphisms with LDDMM [Beg05]
Theorem [Gla05]: Assuming  a time-varying velocity field in , 
where   is an RKHS with some regularity assumptions [Gla05]. For any ,  the 
differential system: 

     with     , 

has a unique solution defined for all .  
At any time , the flow application:  

  

is a diffeomorphism. 

A metric group: The group of diffeomorphisms  is 
metrizable such that for any : 

,                                                         

the infimum is reached with a  and it conserves its norm along its geodesic path 
i.e.: .

v ∈ 𝖫2([0,1], 𝖵) ℝn

𝖵 x0 ∈ ℝn

𝖽X(τ)
𝖽τ

= vτ(X(τ)) X(0) = x0

τ ∈ [0,1]
τ ∈ [0,1]

ϕτ
v : x0 ∈ ℝn ↦ x0 + ∫

τ

0
vr(ϕr

v(x0))𝖽r ∈ ℝn

Φ ≜ {ϕ1
v | v ∈ 𝖫2([0,1], 𝖵)}

ϕ ∈ Φ

d2
Φ(Id, ϕ) = inf

v∈𝖫2([0,1],𝖵) {∫
1

0
∥vτ∥2

𝖵𝖽τ |ϕ1
v = ϕ }

v∗

∥v∗
τ ∥𝖵 = ∥v∗

0 ∥𝖵, ∀τ ∈ [0,1]

11
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Geodesic shooting

An exponential map: By denoting  the geodesic starting from  with initial 
conditions , the exponential map is [Mil06]:  

      and       

Important remarks:  
• The exponential map is locally bijective.  
• The geodesic path is uniquely define by the initial conditions. 

τ ↦ ρv0
(τ) Id

v0 ∈ 𝖵

expId : v0 ∈ 𝖵 ↦ ρv0
(1) ∈ Φ d2

Φ(Id, expId(v0)) = ∥v0∥2
𝖵

12

Id

expId(v0) expId(v1)

v0
v1

𝖦0

expId(v0) ⋅ 𝖦0 expId(v1) ⋅ 𝖦0

𝖵

Φ



/51

Geodesic shooting in practice

Let denote  the kernel of the RKHS . 

Initial velocity field: Given  control points , and 
momentums , the initial velocity field is, 

 .  

Along the geodesic path: For any , the velocity field verifies: 

,  

Geodesic equations: 

     with            .

K : ℝn × ℝn → ℝn2 𝖵

N0 𝖷0 = (x0
k )k∈[N0] ∈ (ℝn)N0

α = (α0
k )k∈[N0] ∈ (ℝn)N0

v0 : x ∈ ℝn ↦ ∑
k∈[N0]

K(x0
k , x)α0

k ∈ ℝn

τ ∈ [0,1]

vτ : x ∈ ℝn ↦ ∑
k∈[N0]

K(xk(τ), x)αk(τ) ∈ ℝn

𝖽xk(τ)
𝖽τ

= vτ(xk(τ))
𝖽αk(τ)

𝖽τ
= − ∑l∈N0

𝖽xk(τ)K(xk(τ), xl(τ))αl(τ)⊤αk(τ) {xk(0) = x0
k

αk(0) = α0
k

∀k ∈ [N0]
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Shape registration

14

Φα = expId(vα
0 )𝖦0 𝖦1

??

Minimize:

Question: How to learn the initial momentum  encoding the 
diffeomorphism mapping  to  ? 

 

Protocole: Given  and  do: 

Set  
While did not converge:  

1. Perform geodesic shooting:  (ODE resolution: RK4) 
2. Compute  
3. Backward gradient (classical autodiff or reverse ODE with the adjoint method) 

Return 

α ∈ (ℝn)N0

𝖦0 𝖦1

loss(α) ≜ d2
𝖦(expId(vα

0 ) ⋅ 𝖦0, 𝖦1) + λ∥vα
0 ∥2

𝖵

𝖦0 𝖦1

α = 0

expId(vα
0 )

loss(α)

α



Application to time series
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Respecting the graph structure of time series
Problem: A general diffeomorphism does not necessarily preserve the structure of a 
time series graph. 
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time
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∑
cos(µ) ° sin(µ)
sin(µ) cos(µ)

∏



/51

Deformation of times series
Intuition: Let  and , the diffeomorphic deformation  mapping 

 to  should be seen as distortion  and a time parametrization  
such that: . 

Theorem (representativity): Any continuously differentiable time series  
and ,  there exists deformations  with 

, and  with , such that:  
      with       , 

Moreover, for any , and ,  is the graph of a 
continuously differentiable time series.

s0 : 𝖨 ↦ ℝd s : 𝖩 ↦ ℝd ϕ
s0 s h : 𝖨 ↦ ℝ γ−1 : 𝖩 ↦ 𝖨

ϕ ⋅ 𝖦(s0) = 𝖦((s0 + h) ∘ γ−1) = 𝖦(s)

s0 : 𝖨 ↦ ℝd

s : 𝖩 ↦ ℝd Ψγ : (t, x) ∈ ℝd+1 ↦ (γ(t), x) ∈ ℝd+1

γ ∈ 𝖣(ℝ) Πf : (t, x) ∈ ℝd+1 ↦ (t, f(t, x)) ∈ ℝd+1 f ∈ 𝖢1(ℝd+1, ℝd)
ϕγ, f ⋅ 𝖦(s0) = 𝖦(s) ϕγ, f = Ψγ ∘ Πf

γ̄ ∈ 𝖣(ℝ) f̄ ∈ 𝖢1(ℝd+1, ℝd) ϕγ̄, f̄ ⋅ 𝖦(s0)

17

s0 h γ−1 s
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A kernel for time series

The proposed kernel: Let  be a kernel defined for any , 

      with      

parametrized by  and the constants . 

Lemma: For any initial velocity field , the RKHS associated to ,  and for any 
, there exist a time parametrization  and a distortion  such that: 

. 

K𝖦 (t, x), (t′￼, x′￼) ∈ (ℝd+1)2

K𝖦((t, x), (t′￼, x′￼)) = (
c0Ktime 0

0 c1Kspace)
Ktime = K(1)

σT,0
(t, t′￼)

Kspace = K(1)
σT,1

(t, t′￼)K(d)
σx

(x, x′￼)Iℝd

σT,0, σT,1, σx > 0 c0, c1 > 0

v0 ∈ 𝖵 K𝖦
τ ∈ [0,1] γτ hτ

expId(τv0) ⋅ 𝖦(s0) = 𝖦 ((s0 + hτ) ∘ γ−1
τ )

18

t

x
Ktime

Kspace

⃗vt
τ(t)

⃗vx
τ(t, x)



Experiments
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Example of transport 

20
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Robustness to irregular sampling
Experimental protocol:  
• Task: Classification with different scenarios of irregular sampling. 
• Datasets: 15 UCR/UEA datasets. 
• Metric: f1-score. 
• Algorithms: TS-LDDMM, LDDMM and 8 deep learning algorithms.  

Results:  
First & second best performers. TS-LDDMM is the best performer on three out of 
four dropping rate. 

21

B.7. Classification benchmark on regularly sampled datasets 151

Table B.3 Comparison of average macro f1-score and rank as the sample dropping rate increases.
First & second best performers. TS-LDDMM is the best performer on three out of four regimes.

Methods Regular 30 % dropped 50 % dropped 70 % dropped
F1-score Rank F1-score Rank F1-score Rank F1-score Rank

RNN (1999) 0.64 ± 0.21 6.2 0.53 ± 0.23 6.6 0.48 ± 0.21 7.2 0.44 ± 0.21 6.07
LSTM (1997) 0.61 ± 0.29 6.0 0.57 ± 0.29 6.27 0.53 ± 0.25 6.07 0.51 ± 0.29 5.27
GRU (2014) 0.71 ± 0.26 4.2 0.68 ± 0.28 4.27 0.66 ± 0.28 3.73 0.59 ± 0.28 3.67
MTAN (2021) 0.59 ± 0.28 7.13 0.58 ± 0.28 5.8 0.54 ± 0.29 5.33 0.51 ± 0.28 5.0
MIAM (2022) 0.48 ± 0.35 6.93 0.42 ± 0.33 8.27 0.47 ± 0.31 6.93 0.35 ± 0.31 7.6
ODE-LSTM (2020) 0.63 ± 0.24 6.0 0.57 ± 0.25 6.53 0.51 ± 0.24 7.27 0.45 ± 0.23 6.73
Neural SDE (2019) 0.48 ± 0.28 7.67 0.47 ± 0.26 7.47 0.45 ± 0.27 7.13 0.45 ± 0.25 6.0
Neural LNSDE (2024) 0.7 ± 0.27 3.87 0.68 ± 0.29 4.0 0.67 ± 0.25 3.53 0.66 ± 0.23 2.47
LDDMM (2008) 0.72 ± 0.2 4.53 0.7 ± 0.21 4.2 0.57 ± 0.25 5.0 0.4 ± 0.25 7.13
TS-LDDMM (ours) 0.83 ± 0.18 2.93 0.8 ± 0.18 2.07 0.7 ± 0.26 3.33 0.51 ± 0.27 5.67

B.7.1 Benchmark methods

• SRV-based method: we include TCLR [Heo+24] a logistic regression on the tangent
space of the Frechet mean with Square Root Velocity (SRV representation). We
also include Shape-FPCA [WHS24] that encodes both the time series and its time
parameterization.

• LDDMM-Based : TS-LDDMM (ours) and LDDMM [Gla+08]. Both methods learn
representations by solving ODEs parametrized with Kernels. While both methods
handle multivariate signals, TS-LDDMM is specifically designed for time series.

B.7.2 Model settings

TCLR & Shape-FPCA. Shape-FPCA is available in the Python library FDASRSF 9. Once
the shape-FPCA representations are learned, they are fed to an SVC from scikit-learn.
FDASRSF provides SRV representation methods that we combined with a logistic regression
from scikit-learn to implement TCLR. For both methods, the number of steps to learn
the Frechet mean is set to 50, and the regularization hyperparameter C is set through grid
search on a validation set with the macro f1-score. Other parameters are set to default.

TS-LDDMM & LDDMM. Representations learned with TS-LDDMM or LDDMM by
solving the atlas estimation problem (6.14) are fed to an SVC from scikit-learn. All
SVC’s hyperparameters are set to default except the regularization term C, which is set
through grid search on a validation set with the macro f1-score.

To learn TS-LDDMM (resp. LDDMM) representations, the velocity field kernel
KG is set to (c0, c1,�T,0,�T,1,�x) = (1, 0.1, 0.33l̄, 1, nd), (resp. (�T ,�x) = (0.33l̄, nd))
where l̄ is the average time series length and nd the number of dimensions. For both
methods and all datasets, the varifold loss kernels (kpos, kdir) are identical and set
to (�pos,t,�pos,t,�dir,t,�dir,x) = (2, nd, 2, nd). For TS-LDDMM (resp. LDDMM), the
optimizer is set with 400 epochs (resp. 400) and a maximum learning rate ⌘M = 0.1 (resp.

9https://fdasrsf-python.readthedocs.io/en/latest/
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Mouse ventilation analysis
Aim: Assessing ventilation response after the exposure of a neurotoxin for mice of 
different genotypes (WT and ColQ). 

Experimental protocol: For each genotype (WT, ColQ): 

Data analysis:  

22

EmbeddingSegmentation Kernel PCA

time

Control period
15 to 20 minutes

Exposed period
35 to 40 minutes

Drug injection
Physostigime
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Control period analysis

23

Kernel PCA applied on the initial velocity fields parametrized with .(𝖦0, αj)j∈[N]

𝖦0PC densities
Deformations by flowing along PCs

ColQ WTPC1/PC2

Reminder 
Respiratory cycle

m
l/s

Expiration

Inspiration

Observations: 
• PC1 accounts for the cycle duration and PC2 for the ratio inspiration/expiration. 
• PC1 negative tail for ColQ mice seems to highlight impairment of motor control.



Going further
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Domain Adaptation

25

Parallel transport:  a tool to transport vectors from one tangent space to another. 
Exist on the space of diffeomorphisms  [BE05].  

Suggestion:  
Input: source and target reference graphs, a predictor learned on source vectors.  
1. Perform the registration between the source and target reference graphs:  
2. Parallel transport source vectors 
Output: source predictor adapted to target domain

Φ

ϕs→t

Φ

𝖵source

𝖵target

vs
1vs

2

vs
3

ϕs→t = expId(vs→t)
vs→t

vt
1

vt
2

ϕs→t
# vs

1

ϕs→t
# vs

2 ϕs→t
# vs

3

𝖦s
0

𝖦t
0
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Personalized Model Learning 

Following the idea of parallel transport and domain adaptation. 

Suggestion:  
Input: reference graphs  and respective tangent vectors.  
1. Estimate the common reference graph  from .  
2. Parallel transport vectors from all tangent spaces to . 
3. Learn a common predictor.  
4. Push the common model on individual domains by domain adaptation.  
Output: Domain specific predictors

{𝖦(1)
0 , …, 𝖦(N)

0 }
𝖦com

0 {𝖦(1)
0 , …, 𝖦(N)

0 }
𝖦com

0

26

𝖵com

𝖦(1)
0

𝖦(2)
0

𝖦(3)
0

𝖦com
0

ϕ(1)

ϕ(2) ϕ(3)
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Generative Modeling
Recall: the embedding learning outputs a graph , and momentums 

. 
𝖦0 ∈ ℝm×(d+1)

(α0
k )k∈[N] ∈ (ℝm×(d+1))N

27

→T

x ∼ 𝒩(0,I) α = T(x) ∼ Pα

𝖦0 →expId(vα
0 ) expId(vα

0 ) ⋅ 𝖦0
Then: 

Let:

Suggestion: Suppose that .  
1. Learn  such that . 
2. Sample  from .  
3. Set . 
4. Perform a geodesic shooting from  with initial velocity field . 

α ∼ Pα

T T#𝒩(0,I) = Pα

x 𝒩(0,I)
α = T(x)

𝖦0 vα
0



Operator-based embeddings

A Spectral-Grassmann Wasserstein metric for operator representations of 
dynamical systems  

Germain, T., Flamary, R., Kostic, V. R., & Lounici, K.  
arXiv preprint, 2025.

How can we compare operator embeddings of dynamical systems ?



Motivation
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Dynamical system & machine learning
Dynamical systems are backbone models of temporally evolving phenomena:  

Modeling: 

Paradigm shift:  
• Classical approach: ODE/PDE/SDE design + parameter fitting 
• ML approach : Can we build dynamical models purely from observed data ?  

➡Elegant formulation through transfer operator theory. 

30

 
discrete time

xt+1 = g(t, xt)  

continuous time

dx(t)
dt

= g(t, x(t))

Brain dynamicFluid dynamicRobotic



Learning & Interpreting  
dynamical systems



/51

Transfert operator theory
Definition (transfer operator). Let assume:  
• A stochastic process:                                    
• A real-valued functional space:                      

Under some additional assumptions, for any , there exists a linear operator 
, called transfer operator, such that:  

. 

Remark: Even if the dynamical system is non-linear, the transfert operator is linear.  

Time-homogeneous systems: Since  : 
(discrete):              
(continuous):            (infinitesimal generator) 

➡ It suffices to estimate  or .

(Xt)t≥0 ⊆ 𝒳
ℱ ⊂ ℝ𝒳

t ≥ 0
At : ℱ → ℱ

[At( f )](x) ≜ 𝔼[ f(Xt) |X0 = x], x ∈ 𝒳 and f ∈ ℱ

At+s = AtAs
At = At

1, ∀t ∈ ℕ
At = exp(tL), with L = lim

t→0
(At − Id)/t

A = A1 L
32
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Spectral decomposition
Spectral decomposition: Assuming that  is a separable Hilbert space (typically 

 with  the system’s invariante measure) and  is a non defective operator with 
purely discrete spectrum. Then  can be written as:  

 

Intuition: Suppose  and  is -dimensional with , then: 

 

Benefit: 
• Fast computation:            

• Evolves densities:           if         then     

ℱ
L2

π(𝒳) π L
L

L = ∑
j∈ℕ

λjgj ⊗ fj, s.t. Lfj = λj fj, L∗gj = λjgj, ⟨ fi, gj⟩ = δi, j

rank(L) = r ℱ d r < d

L =
| |
f1 ⋯ fr
| |

F

λ1
⋱

λr

Λ

− g1 −
⋮

− gr −

H∗

with H∗F = Ir

[At f ](x) = 𝔼[ f(Xt) |X0 = x] = [F exp(tΛ) H ∗ f ](x)

X0 ∼ q0 Xt ∼ A∗
t q0 = H exp(tΛ) F∗q0 33



/51

Spectral decomposition: Interpretation
Space and time disentangled: The spectral decomposition of  
decouples the evolution of any arbitrary observable  

 , 

 into temporal and static components. 

At = exp(tL)
f ∈ ℱ :

[At f ](x) = 𝔼[ f(Xt) |X0 = x] = ∑
j∈ℕ

eλjt⟨gj, f ⟩fj(x) = ∑
j∈ℕ

eτjt+i2πωjtmf
j (x)

34

Brain dynamic mode decomposition [Kut16]

•  are dynamics’ timescales. 

•  are oscillating frequencies. 

•  are Koopman modes of .

τj = ℛ(λj)

ωj = ℐ(λj)/2π

mf
j = ⟨gj, f ⟩fj f
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Problem: Only trajectories of dynamical systems are observed. Neither the operator 
 nor its domain  are known. 

Popular approach [Bru22, Kos22]: Learning the action of  on a 
predefined RKHS  with kernel  via empirical risk 
minimization of the projected operator , i.e.: 

 

with the observation dataset  (typically a trajectory ).  

Remark: Spectral estimation guarantees for universal bounded kernels [Kos23].

A ℱ

A : ℱ → ℱ
ℋ ⊂ ℱ κ(x, y) ≜ ⟨ϕ(x), ϕ(y)⟩

PℋA|ℋ

argmin
G∈HS(𝒳)

1
n ∑

i∈[n]

∥ϕ(yi) − G∗ϕ(xi)∥2
ℋ

{(xi, yi)}i∈[n] yi = xi+1

Learning transfer operators

35

ℱ

ℋ

ℱ

ℋ

A

PℋA|ℋ
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Open problem

Observation: 
While the estimating individual dynamical systems has been thoroughly explored, 

theoretically grounded and computationally efficient methods for comparing 
different dynamical systems remain under explored. 

Related work:  
• Martin distance [Mar02] : pseudo-metric on ARMA models 
• Binet-Cauchy kernel [Vid13]: Martin distance extension to LDS 
• Topological conjugacy [Red24]: Optimal Transport on spectrum 
• Hilbert-Schmidt and operator norms are too conservative 

36

➡ Introducing Spectral-Grassmann Wasserstein Metric (SGOT)



Spectral-Grassmann Wasserstein 
Metric (SGOT)
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Intuition: Back to spectral decomposition:  

 

➡Spectral decomposition are unique up to a permutation (optimal transport) 
and a change of basis (Grassmann manifold) for spectral projectors ( ). 

Assumptions:  
1. (Time homogeneous Markovian dynamical systems): Let consider . 
2. (Low rank operators): For any  there exists  such that the  

eigenvalues the closest to the origin are separated from all the others.  
3. (A common functional space): There exists an RKHS  such that for any operator, 

the estimation of its -restriction, , is well defined. 

L = ∑
i∈ℕ

∑
j∈[ni]

λi gi, j ⊗ fi, j = ∑
i∈ℕ

λiPi, s.t. ⟨ fi, j, gu,v⟩ = δ(i, j),(u,v)

Pi

{Lk}k∈[N]
k ∈ [N] rk ∈ ℕ rk

ℋ
rk Tk = exp(Lk|rk

)

SGOT intuition & assumptions
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Grassmann Manifold
Aims: Comparing vector subspaces independently of their representative basis.  

Proposition (Extension to infinite dimension space): Let  be a separable Hilbert 
space, and  the set of vector subspaces of with dimension at most . With the 
application:  

      for any , 

where  are orthogonal projectors,  is a separable complete metric space.

ℋ
𝒢r(ℋ) r

d𝒢(𝒱, 𝒱′￼) = ∥P𝒱 − P𝒱′￼∥ℋ (𝒱, 𝒱′￼) ∈ 𝒢(ℋ)2

P∗ 𝒢r(ℋ)
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Discrete Optimal Transport

Kantorovich formulation:  
Given two probability distributions   and  , the optimal 
transport cost of order  verifies: 

 ,  

where  is the cost matrix ,  and the transport matrix  is from the set:  
 

Remarks:  

• Computable with network simplex in  where . 

•  is called a Wasserstein metric.

μs = ∑i∈[ns]
aiδxs

i
μt = ∑i∈[nt]

biδxt
i

p ∈ ℕ∗

Wp
d,p(μs, μt) = min

P∈Π(μs,μt)
⟨C, P⟩F

C cij = d(xs
i , xt

j )
p P

Π(μs, μt) = {P ∈ ℝns×nt
+ | P1nt

= a, P⊺1ns
= b}

n3 log(n) n = ns = nt

Wp
d (μs, μt)
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Transfer operator as probability distribution 
Recall: Let  be a separable -Hilbert space and  the set of non-defective 
operator on  with rank at most For any , its spectral 
decomposition can be written as: 

 . 

Property (distribution embedding): Transfert operator embedding as probability 
distribution: The application defined on  by:  

 , 

where , is an injective embedding. 

Theorem (Wasserstein metric): Let , and consider the elementary metric: 
 . 

Then  endowed with the application:  
 , 

defines a metric space. 

ℋ ℂ 𝒮r(ℋ)
ℋ r ∈ ℕ . L ∈ 𝒮r(ℋ)

L = ∑
i∈[ℓ]

∑
j∈[mi]

λi gi, j ⊗ fi, j s.t. ⟨ fi, j, gu,v⟩ = δ(i, j),(u,v) & mtot = ∑
i∈[ℓ]

mi ≤ r

𝒮r(ℋ)
μ(L) ≜ ∑

i∈[ℓ]

mi

mtot
δ(λi,𝒱i)

𝒱i = span({(gi, j ⊗ fi, j) | j ∈ [mi]})

η ∈ (0,1)
dη((λ, 𝒱), (λ′￼, 𝒱′￼)) ≜ η |λ − λ′￼| + (1 − η)d𝒢(𝒱, 𝒱′￼)

𝒮r(ℋ)
d𝒮(L, L′￼) ≜ Wdη,p(μ(L), μ(L′￼))
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Metric estimator’s converge bound
Recall: Under kernel universality assumption such methods come with spectral 
estimation guarantees [Kos23], specifically for the Reduced Rank Regression (RRR) 
method [Kos22]. 

Theorem (simplified): Suppose two dynamical systems with low rank operator 
projection  and   their estimation from  samples with the RRR 
method [Kos22]. Suppose , and  bounding the empirical 
covariance. In the i.i.d setting, for any , with probability  it holds: 

L1, L2 ∈ 𝒮r(ℋ) ̂L1, ̂L2 n
α ∈ (1,2) β ∈ [0,1]

δ ∈ (0,1) 1 − δ

|d𝒮( ̂L1, ̂L2) − d𝒮(L1, L2) | ≤ n− α − 1
2(α + β) ln(2δ−1)

42



/51

SGOT Barycenter

Fréchet mean problem: Given  and  s.t. , we aim to solve:  

  

Constrained optimization problem: Considering the parametric operator:  

 

with  ,  and , the problem becomes: 

 

➡Optimization: Riemannian gradient descent or block coordinates descent. 

{Li}i∈[N] γ ∈ ℝN
+ ∑i∈[N] γi = 1

argmin
L∈𝒮r(ℋ) ∑

i∈[N]

γid𝒮(L, Li)2

Lθ ≜ ∑i∈[r] λi κxβi ⊗ κxαi

λ ∈ ℂr x ∈ 𝒳n α, β ∈ ℂn×r

argmin
P,θ ∑

i∈[N]

γi⟨Ci(θ), Pi⟩ s.t.
K = {κ(xi, xj)}(i, j)∈[n]2

α∗Kβ = I
Pi ∈ Π(μ(Lθ), μ(Li)), ∀i ∈ [N]
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L∗ = argmin∑i∈[N] γid𝒮(L, Li)2
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Classification
Dataset: 14 datasets from the UEA time series database.  
Classifier: K-nearest-neighbors with 6 different metrics. 
Score function: Accuracy.  
Protocol: Nested cross-validation + grid search for neighbors K and SGOT ratio . η

45
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T-SNE embeddings

46
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Barycenter & Interpolation
Barycentric interpolation between two linear dynamical systems. 

Barycenters’ eigenvalues evolution:

47
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Barycenter & Interpolation
Barycentric interpolation between two fluid dynamics. 
Fluid flow from left to right through an obstacle (circle or triangle)

48
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Wasserstein dictionary learning 
Aim: From a set  learn a dictionary of transfer operators  such that for 
any  there exists  verifying:  

 

Downstream application:  
• Physical systems predictions: 

• Early system prediction: 

{Li}i∈[N] {L̄i}i∈[D]
Li γ ∈ ΔD−1

Li ≈ argmin
L∈𝒮r(ℋ) ∑

j∈[D]

γjd𝒮(L, L̄j)2

50

Probability  

Encoder γ ∈ ΔD−1 Wasserstein   

Barycenter

Probability  

Encoder γ ∈ ΔD−1 Wasserstein   

Barycenter
Small 

 trajectory : probabilistic  forecastingLpred
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Model-based reinforcement learning

Current state: Control approach exist, leveraging the transfert operator of the 
control flow, with the control variable  : 

 

Open questions:  
• Online learning of transfer operator ?  
• Can we perform domain adaptation for policies based on transfer operator ? 
• Implication in offline settings ? Dual representation ?   

u : [0,1] ↦ 𝒞
[Au

t ( f )](x) ≜ 𝔼[ f(Xt, ut) |X0 = x, U = u], x ∈ 𝒳 and f ∈ ℱ

51

Model-based RL framework, from [AGR17]
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Whole exercise analysis
Kernel PCA applied on the initial velocity fields parametrized with . 

Observations: 
• PC1 negative tail indicates a pause between inspiration and expiration. 
• WT mice are more affected than ColQ ones after drug injection. 
• Diversity of responses to the drug injection (scatter plot). 

(𝖦0, αj)j∈[[1,N]]
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Scatter PC1 vs PC3
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Ablation study
Protocol: Metric comparisons between a baseline linear dynamical system and a 
shifted one under 4 scenarios:  

(a) Frequency shift. 
(b) Decay shift.  
(c) Rank shift. 
(d) Sampling frequency shift.
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